A free viscous film is subject to van der Waals attractions that lead to film rupture. Long-wave asymptotics is used to derive approximate equations that govern the unstable evolution of the film. The solution of the nonlinear evolution equation is then considered using bifurcation techniques leading to an estimate for the nonlinear rupture time.
I. INTRODUCTION
A liquid layer on a planar, solid b:undary is unstable when the layer is ultrathin (100-1000 A). The instability is driven by long-range molecular forces due to van der Waals attractions' and results in the rupture of the layer. Such a film possesses differences in chemical potential with respect to large phases of the same material, resulting in corresponding changes in all intensive thermodynamic properties. Deryagin2*3 first recognized the thermodynamic significance of dimension; he terms as "disjoining pressure" the excess pressure in a thin layer compared with that in a phase of infinite extent. A negative disjoining pressure is characteristic of films having higher pressures than the bulk phases, as when long-range molecular forces due to van der Waals attractions are considered. In that case, spontaneous thinning occurs, and the film interfaces decrease in separation distance. When electric double-layer forces are considered, the added disjoining pressure component is positive and the competition between these and the van der Waals attractions can lead to the formation of black films.4
Lifshitz5 constructed a general macroscopic theory of the attractive van der Waals forces between bodies whose characteristic dimensions are large relative to interatomic distances. He found that the force of mutual attraction acting on unit surface of each of the bodies is inversely proportional to hi or hi, where the separation distance ho is small or large, respectively, compared with the wavelengths that are important in the absorption spectra of the bodies. Application of the methods of quantum field theory makes it possible to find the general formulas for the calculation of the van der Waals part of the thermodynamic quantities for an arbitrary inhomogeneous medium.6 This allows the theory of Lifshitz to be extended to bodies separated by the liquid layer, and leads to its application to the study of liquid films7
The problem of finding the thickness at which a nondraining film becomes unstable owing to van der Waals forces was considered by Vrij,' who used a static stability analysis to calculate a marginally stable thickness at which small disturbances first start to grow. A dynamic linear stability theory for a film on a horizontal plate was given by Ruckenstein and Jain' and is based on the NavierStokes equations modified with an extra body force due to van der Waals attractions. The theory shows that an initial disturbance periodic along the bounding plane has a critical wavelength much larger than the mean depth of the layer. Gumerman and Homsy" examined the linear stability of radially bounded thinning free films for which the base state is time dependent and a drainage flow is computed by lubrication theory. Williams and Davis" posed a nonlinear stability theory based on the long-wave nature of the response. They derived a partial differential equation that describes the evolution of the interface shape subject to surface tension, viscous forces, plus van der Waals attractions. Burelbach et al. i2 studied rupture numerically via the equation of Williams and Davis and examined the local flow structure near the rupture point.
Ruckenstein and Jain' also gave the linear theory of a free film bounded by two free surfaces. Prevost and Gallez'3*'4 attempted to derive a nonlinear evolution equation for this case but were able to do so only in the case where surface viscosity is large enough to immobilize the interfaces making these deformable no-slip surfaces. Sharma and Ruckenstein'* considered this case as well and derived a valid nonlinear evolution equation for the interface shape. They, also, examined the film with mobile interfaces and considered the linearized Navier-Stokes equations and linearized shear stress and normal stress conditions. However, as we shall show, the leading-order evolution equation is not completely determined by the linearized equations. It requires a higher-order analysis and the nonlinear contributions from the NavierStokes equations and boundary conditions should be taken into account.
In the present work, we consider the full NavierStokes equations for free films and derive asymptotically the governing evolutionary system. This system involves two coupled equations reminiscent of the one-dimensional flow of a compressible, viscous gas. The plan of the paper is as follows. The Navier-Stokes problem for free films is formulated in Sec. II. Section III is devoted to the longwave asymptotic analysis and leads to two coupled equations for the velocity component in the longitudinal direction and the thickness of the film. In Sec. IV, we discuss our results and previous attempts to derive simplified evolution equations. In Sec. V, we investigate the bifurcation properties of our equations and obtain for the first time an analytical estimate for the rupture time, which is based on a calculation of the blowup time in the weakly nonlinear theory.
II. FORMULATION
Consider a thin liquid layer bounded by two free surfaces separating the liquid from a passive gas. The liquid layer is assumed thin enough that van der Waals forces are effective and thick enough that a continuum theory of the liquid is applicable.
We assume that the liquid is a Newtonian viscous tluid having kinematic viscosity Y and constant density p. We introduce nondimensional variables using the following 
ux+w,=O.
Here, we have used a Cartesian coordinate system (x,z> with corresponding velocity components (u,w> as shown in Fig. 1 . The two free surfaces are located at z=h+(x,t) >O and z=h-(z,t) <O, respectively; their mean positions are given by h + = l/2 and h _ = -l/2. The pressure is p and the attractive van der Waals forces are represented through the potential function 4 which depends on the layer thickness as
where we omit the usual additive constant. Here, A is the nondimensional van der Waals coefficient defined as A=A'/6?rhop?, where A' is the Hamaker constant. Thus we have a continuum description of the liquid dynamics modified only by the presence of the van der Waals forces. At the interfaces of the free film, we have the following boundary conditions. ' r The kinematic boundary conditions are given by w=h,,+uh,, at z=h,.
The surface tension u is assumed to be constant. Therefore the shear stresses on the interfaces vanish:
(u,~w,)(l+h2,,)+2h,,(w,--u,)=O at z=h,.
(6) The normal-stress boundary conditions balance the normal stress with the product of surface tension times curvature of the interface,-
where S is the nondimensional surface-tension parameter defined by S=ih,a/pY". In formulating Eq. (7), we have assumed that the pressure of the gas is zero. We simplify the analysis by examining the varicose or squeezing mode in which h+(x,t)=-h-(x,t).
We write h+ (x,t) rh(x,t) and restrict attention to the interval O<z<h(x,t). Thus half the conditions (5)- (7) are used and symmetry conditions on the centerline are imposed:
u,=w=O at z=O.
The varicose mode is expected to be the most unstable one in linear theory. Now, the van der Waals potential 4 detined by (4) has the form #=A(2h) -3.
Ill. LONG-WAVE THEORY
We are interested in long-wave instabilities. To-this end, we introduce a wave number k and define new dependent and independent variables, and rescale the parameters S and A as follows:
and A= k2A.
Here, the uppercase variables and derivatives with respect to Greek variables are unit order as k-+0. The last form implies that +=km2+=0( 1) so that (P=A(2H)-3.
We now seek solutions of the form
with H= 0( 1) . We equate to zero coefficients of like powers of k2 and obtain a sequence of problems. At leading order, we have uog= 0, i 134
Uo%=O at C-H,
where @=2(W) -3. The solution of Eqs. ( 13a) and ( 13f) is given by Uo=CG~), (14) where C is still an unknown function of g and r. Equation (13~) is the continuity equation and can be integrated using the second of conditions ( 13d) and form ( 14) to give w,= -css'.
Equation (13b) can be integrated once to yield PO' --@of wag+ D(6,;7),
where D is another unknown function of g and 7. Since PO is independent of 5, PO is given by the normal stress condition (13g). Then using Eq. (15), we lind from Eq. (16) that
Finally, the forms for U. and Wo, Eqs. (14) and (15>, are substituted into the kinematic condition ( 13e) to obtain H,+ (HC)E=O.
Since both H and C are unknown, a second relation between the unknown functions C and H must be obtained.
To this end, we analyze the 0( k2) problem for U, given by u1g= (U0T-t uouo,+ wouo,-Uo,+~o,+~o& (194 Ulc=O at c=O,
U,c+ [ Wol-UogHi+2Hg( Woe-UQ-) I =0 at c=H.
Using the expressions for U,, PO+ Qo, and JVo given by (14)- ( 17) 
Ult+ ( -CgcH-4HlCg) =0 at c= H.
We integrate (20a) once and use (20b) to obtain
Finally, using Eq. (~OC), we find that CccH+4HgCl= (C,+CC,-ZC,,+ D&H. 
Equations (18) and (23) are two coupled equations for C and H and represent the leading-order equations of our asymptotic analysis.
It is important to emphasize that these equations were derived under the assumption that S=O( 1) and
This contrasts with the scalings used by Williams and Davis" for the derivation of the long-wave evolution equation describing the behavior of a film with one free interface and one rigid boundary. There, S=0(kF3) and A=O(k-'). Thus the free-film problem requires a smaller surface tension and a larger van der Waals attraction force.
IV. DISCUSSION
We have found two coupled nonlinear evolution equations for the longitudinal component of velocity and the thickness of the film. We rewrite these equations in terms of the original variables by writing c=kx, ~=kzt, (P,=k-'4, and C=k-'u in Eqs. (18) and (23) 
Note the factor "4" in the viscous term of Eq. (24b). This is the ratio of the elongational to the shear viscosity for planar Newtonian-viscous flows16 that is appropriate for thin films. The factor "4h" is called the "Trouton" viscosity.
Equations (24) are analogous to the equations of gas dynamics. Indeed, they correspond to the one-dimensional viscous-flow equations if we identify the "thickness h" as the "density p" of the compressible gas and the term "4h" 
P(%+%) =--Rx+ Ep(p>%tlx,
where p(p) =4p and the "pressure p=p(p)" admits the following "equation of state:" p+ p-2-3s (PP,-; p:).
Note that, if surface tension vanishes, S=O, the "sound speed," (dp/dp) 1'2= [ -(3A/8) p-311/2, is imaginary implying that attractive van der Waals forces promote instability rather than wave propagation.
The system (24) was derived using the scaling u=O( k). There is another choice of scales in which u is larger, viz., u=O( l), w=O(k), p=O( l), h=O( 1) with x=0(k),
t=O(k-I).
Here, A=O(l) and S= ( /cw2). By similar methods, the system (24) is regained except that the "viscous" term, the right-hand side of Eq. (24b), is lost. The new equations are now analogous to the shallow-water equations.r7 We have verified that these admit solitary-wave solutions if the deviation 1 h-l/2 1 is sufficiently small. The fact that thin free films may exhibit solitary waves was first discussed by Joosten.18 Nonlinear evolution equations similar to Eqs. (24) were derived by Sharma and Ruckenstein." They correctly found Eq. (24a) from the kinematic condition but ob-mined Eq. (24b) with the acceleration terms missing and an incomplete viscous term. These differences result from the fact that they considered the linearized Navier-Stokes equations and shear-stress and normal-stress conditions. A further simplification'g of Eqs. (24) The presence of two stress-free boundaries requires a higher-order analysis. This situation is analogous to that of fiber drawing, in which an axisymmetric stress-free liquid fiber is pulled from an orifice. Schultz and Davis2' show that one-dimensional fiber equations emerge from the three-dimensional equations if one takes the slender-fiber analysis to order (the equivalent of) k. In this case, Schultz2' has shown how viscoelastic effects could be built into the one-dimensional equations. A similar extension could be done in the film-rupture problem here; elongational effects are likely to be of importance at the rupture point.
Systems of evolution equations also emerge in bounded films when an extra field is present. For example, if surfactant is present on the interface in concentration I', a pair of evolution equations for h and r emerge. See, for example, Jensen and Grotberg,22 who examine surfactant spreading on a liquid film, without the assumption of interface immobility.
Finally, it would be possible to extend these models to interfaces with more general rheological behavior. For example, if the interface on a bounded film has surface viscosity ps then the Williams and Davis result" would appear if pJ,u-tO while the Prevost and Gallez'3"4 and Sharma and Ruckenstein" results would emerge if PSJP-+~. The asymptotic magnitude of pdp would be crucial in the free-film case in determining whether a single equation or a pair of equations would govern the evolution of the film. 
Equations (28) 
We substitute (29) into E?qs. (28) and fmd the following characteristic equation for the growth rate w:
Equation (30) admits a zero w if the last coefficient is equal to zero. This leads to the "cutoff' wave number a, given by a,= (2&S> "2,
which agrees with the linear theory result of Ruckenstein and Jain.g We wish to analyze the weakly nonlinear evolution of a small disturbance. To this end, we consider a bounded domain ( -1 <xc; 1) with periodic boundary conditions. As a result, the wave number a only takes distinct values, given by a=nrr (n=1,2,...). We now assume that S is our bifurcation parameter. From the characteristic equation (30), we find that the basic solution changes stability through a zero of w if a=~ and if s<sc=2AP-2,
where S=S, corresponds to a steady bifurcation point. We propose to investigate the nonlinear problem in the vicinity of this bifurcation point. To this end, we introduce smallamplitude disturbances from the basic uniform solution given by
where E is a small parameter that measures the size of the deviation I h-l/2 I. The functions hi(x) and ui(x) are arbitrary functions of x. We next expand the bifurcation parameter S as s=s,+&+-,
where s is arbitrary. The initial conditions (33) suggest the seeking of a solution for h -l/2 and u in power series of E:
U(t,e,x,E)=EU~(t,e,X)+E2U2(t,e,X)+"'.
In (35), we assume that the solution depends on both time t and a slow-time variable Cl=&. This slow time is suggested by the linearized theory that indicates that the amplitude of the critical mode is a function of IS-SC/ t as IS-S,l +O. We substitute these expansions into Eq. (24) and obtain a sequence of linear problems for the unknown coefficients. We solve these problems sequentially, apply solvability conditions and find that the long-time solution, valid beyond an initial transient, is given by
u=E32i~-1Y'(e)+0(Ee-4?rZt), 
The initial condition for Y is obtained from the initial conditions (33). We have found that Y(0) depends on both h,(x) and Ui(X). If Ui(X)=O, Y(0) reduces to a simpler expression, which is
Because eL= e,[ln( E)] but I&," 0, is independent of e, the deviation 6+,-e,, increases like In(e) as e-0.
In summary, the nonlinear terms contribute to the acceleration of the rupture phenomenon. The expression (41) gives the time for blowup of an initially smallamplitude disturbance. Because there is a rapid transition to rupture as 8=:8,, 8, should be a good estimate of the nonlinear rupture time; it is the first one based on a nonlinear theory. 
